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Abstract
Our main result is the classification of all weight-homogeneous planar polynomial differential systems
of weight degree 3 having a polynomial first integral.
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1. Introduction and statement of the main results
In this paper we deal with polynomial differential systems of the form
dx
dt
= x˙ = P(x), x = (x, y) ∈ C2, (1)
with P(x) = (P1(x),P2(x)) and Pi ∈ C[x, y] for i = 1,2. As usual N, Q+, Q−, R and C denote
the sets of positive integers, nonnegative rational, nonpositive rational, real and complex num-
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can be real or complex.
We say that system (1) is weight-homogeneous if there exist s = (s1, s2) ∈ N2 and d ∈ N such
that for arbitrary α ∈ R+ = {α ∈ R, α > 0},
Pi
(
αs1x,αs2y
)= αsi−1+dPi(x, y) (2)
for i = 1,2. We call s = (s1, s2) the weight exponent of system (1) and d the weight degree
with respect to the weight exponent s. In the particular case that s = (1,1) system (1) is called a
homogeneous polynomial differential system of degree d .
We note that weight-homogeneous polynomial differential systems in R2 can be defined in a
similar way and that they can be considered as a particular case of the complex ones. So we are
able to apply to them all the results of this paper.
Recently some classes of these systems have been investigated by several authors. Labrunie
[7] and Moulin-Ollagnier [10] characterize all polynomial first integrals of the three-dimensional
(a, b, c) Lotka–Volterra systems. Maciejewski and Strelcyn [9] proved that the so-called Halphen
system has no algebraic first integrals. The best results for general weight-homogeneous poly-
nomial differential systems have been provided by Furta [4] and Goriely [5] and, additionally,
for quadratic homogeneous polynomial differential systems by Tsygvintsev [11]; see also Llibre
and Zhang [8].
A nonconstant function H(t, x, y) is a first integral of system (1) if it is constant on all solution
curves (x(t), y(t)) of system (1), i.e. H(t, x(t), y(t)) = constant for all values of t for which the
solution (x(t), y(t)) is defined. If H is C1, then H is a first integral of system (1) if and only if
∂H
∂t
+ P1 ∂H
∂x
+ P2 ∂H
∂y
= 0. (3)
The function H(x,y) is weight-homogeneous of weight degree m with respect to the weight
exponent s if it satisfies H(αs1x,αs2y) = αmH(x, y) for all α ∈ R+.
Given H ∈ C[x, y] we can split it into the form H = Hm + Hm+1 + · · · + Hm+l , where
Hm+i is a weight-homogeneous polynomial of weight degree m + i with respect to the weight
exponent s, i.e. Hm+i (αs1x,αs2y) = αm+iHm+i (x, y). The following well-known proposition,
allow to obtain the weight-homogeneous polynomial first integrals of the differential system (1).
Proposition 1. Let H be a polynomial in the variables x and y and let H =∑li=0 Hm+i be its
decomposition into weight-homogeneous polynomials of weight degree m+ i with respect to the
weight exponent s. Then H is a polynomial first integral of the weight-homogeneous polynomial
differential system (1) with weight exponent s if and only if each weight-homogeneous part Hm+i
is a first integral of system (1) for i = 0,1, . . . , l.
The main goal of this paper is to classify all the weight-homogeneous planar polynomial
differential systems of weight degree 3 having a polynomial first integral. For doing that we
characterize first all the weight-homogeneous planar polynomial differential systems of weight
degree 3. Thus, from the definition of weight-homogeneous polynomial differential systems (1)
with weight degree 3, the exponents u and v of any monomial xuyv of P1 and P2 are such that
they satisfy respectively the relations s1u + s2v = s1 + 2, s1u + s2v = s2 + 2. Moreover, if we
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weight degree 3 are the following ones with their corresponding values of s:
s = (1,1): x˙ = a30x3 + a21x2y + a12xy2 + a03y3,
y˙ = b30x3 + b21x2y + b12xy2 + b03y3;
s = (1,2): x˙ = a30x3 + a11xy,
y˙ = b40x4 + b21x2y + b02y2;
s = (1,3): x˙ = a30x3 + a01y,
y˙ = b50x5 + b21x2y;
s = (2,2): x˙ = a20x2 + a11xy + a02y2,
y˙ = b20x2 + b11xy + b20y2;
s = (2,4): x˙ = a20x2 + a01y,
y˙ = b30x3 + b11xy;
s = (4,6): x˙ = a01y,
y˙ = b20x2.
In Section 2 we first simplify the weight-homogeneous planar polynomial differential sys-
tems of weight degree 3 with weight exponent (1,1) having 8 parameters to some canonical
forms with at most 4 independent parameters and using these canonical forms we characterize in
Proposition 7 which of the systems have a polynomial first integral.
In Proposition 8 of Section 3 we show that the weight-homogeneous planar polynomial differ-
ential systems of weight degree 3 with weight exponent (1,2) have no polynomial first integrals.
In Propositions 9, 11, 12 and 13 of Sections 4, 5, 6 and 7, respectively, we provide the weight-
homogeneous planar polynomial differential systems of weight degree 3 having polynomial first
integrals and with weight exponent (1,3), (2,2), (2,4) and (4,6), respectively. Hence the classi-
fication of all the weight-homogeneous planar polynomial differential systems of weight degree 3
having a polynomial first integral is done.
On the other hand, if system (1) is weight-homogeneous of weight degree d > 1 with respect
to the weight exponent s, then it is invariant under the change x → αw1x, y → αw2y, t → α−1t ,
where wi = si/(d−1). Suppose that system (1) is a weight-homogeneous polynomial differential
system of weight degree d with respect to the weight exponent s. Then we define w = s/(d − 1).
The interest for the weight-homogeneous systems lies in the existence of particular solutions of
the form (x(t), y(t)) = (c1t−w1 , c2t−w2), where the coefficients c = (c1, c2) ∈ C2 \ {0} are given
by the algebraic system of equations
Pi(c1, c2) + wici = 0 for i = 1,2. (4)
For a given (w1,w2) there may exist different c, called the balances. Now for each balance c we
introduce a matrix
K(c) = DP(c) + diag(w1,w2), (5)
where as usual DP(c) denotes the differential of P evaluated at c and diag(w1,w2) denotes the
2 × 2 matrix, the diagonal of which is equal to (w1,w2) and zeros in the remaining elements.
The eigenvalues of K(c) are called the Kowalevskaya exponents of the balance c. Sophia
Kowalevskaya was the first to introduce the matrix K to compute the Laurent series solutions of
the rigid body motion. It can be shown that there always exists a Kowalevskaya exponent equal
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The eigenvector associated to the eigenvalue −1 is wc = (w1c1, w2c2); for more details see [4,
6,12].
We note that system (1) has at most two independent balances (independent as vectors of
C2 \ {0}) and that there exist weight-homogeneous polynomial differential systems with exactly
two independent balances.
For a planar quadratic homogeneous polynomial differential system, under the assumption
that the system has two independent balances with Kowalevskaya exponents (−1, ρ1) and
(−1, ρ2), Tsygvintsev [11] proved that the system has a homogeneous polynomial first integral
of degree m if and only if the following conditions hold: ρ1 and ρ2 are positive rational numbers,
ρ−11 + ρ−12  1 and m/ρi ∈ N for i = 1,2.
Tsygvintsev’s result has been extended to planar weight-homogeneous polynomial differential
systems (1) of weight degree 2 with P1 and P2 coprime see [8].
Theorem 2. For planar quasi-homogeneous polynomial differential systems (1) of weight degree
2 with P1P2 = 0 and P1 and P2 coprime, the following statements hold.
(a) Assume that system (1) has two independent balances with the Kowalevskaya exponents
(−1, ρ1) and (−1, ρ2). Then system (1) has a quasi-homogeneous polynomial first integral
of weight degree m ∈ N if and only if the following conditions are fulfilled
ρ−11 + ρ−12  1,
m
ρi
∈ N, i = 1,2.
(b) Assume that system (1) has a unique independent balance with Kowalevskaya exponents
(−1, ρ) with ρ = 0. Then it has a quasi-homogeneous polynomial first integral of weight
degree m ∈ N if and only if the following conditions are fulfilled
ρ−1  1, m
ρ
∈ N.
(c) If system (1) has no balances or has infinitely many balances, it has no quasi-homogeneous
polynomial first integrals.
For the planar weight-homogeneous polynomial differential systems (1) of weight degree 3
with P1 and P2 coprime we show that the necessary and sufficient conditions of Theorem 2 for
weight degree 2 are now only necessary. More precisely we have the next result.
Theorem 3. For planar weight-homogeneous polynomial differential systems (1) of weight de-
gree 3 with P1 and P2 coprime, the following statements hold.
(a) Assume that system (1) has pairs of two independent balances with the Kowalevskaya ex-
ponents (−1, ρ1) and (−1, ρ2) with ρi = 0 for i = 1,2. If it has a weight-homogeneous
polynomial first integral of degree m ∈ N, then at least one pair of the above independent
balances satisfies the following condition
either ρ−11 + ρ−12 < 1 and
m
ρi
∈ N, i = 1,2;
or ρ−11 + ρ−12 = 1 and all ρi take at most two different values.
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(−1, ρ) with ρ = 0. If it has a weight-homogeneous polynomial first integral of degree
m ∈ N, then the following conditions are satisfied
ρ−1  1, m
ρ
∈ N.
(c) Otherwise system (1) has no weight-homogeneous polynomial first integrals.
(d) The converses of statements (a) and (b) do not hold.
The proof of Theorem 3 is made along Sections 2 to 7. Finally in Section 8 we provide
examples which do not satisfy the necessary and sufficient conditions of Theorem 2 when the
weight degree of a planar weight-homogeneous polynomial differential systems (1) is > 3. More
precisely we prove the next result.
Theorem 4. For planar weight-homogeneous polynomial differential systems (1) of weight de-
gree > 3 with P1 and P2 coprime, the conditions of statements (a) and (b) of Theorems 2 and 3
are neither necessary nor sufficient for the existence of a weight-homogeneous polynomial first
integral.
2. Weight exponent s= (1,1)
A weight-homogeneous polynomial system with weight exponent (1,1) and weight degree 3
is a cubic homogeneous system and consequently it is integrable; see [1] for more details.
Proposition 5. A polynomial H is weight-homogeneous with weight degree m with respect to the
weight exponent s = (1,1) if and only if H is a homogeneous polynomial of degree m.
Proof. We have that H(αs1x,αs2y) = αmH(x, y). Let xuyv be a monomial of H . Then
s1u + s2v = m with s1 = s2 = 1 and consequently u + v = m. So H(x,y) is homogeneous
of degree m. 
As we are interested here in polynomial first integrals, the search of integrability can be done
more easily using the canonical forms of a cubic homogeneous system. The next theorem gives
the canonical forms of the cubic homogeneous systems, for a proof see [2].
Theorem 6. For any cubic homogeneous system there exists some linear transformation and a
rescaling of time which transforms the system into one and only one of the following canonical
forms:
x˙ = p1x3 +
(
p2 + 3
(
1 + μ4))x2y + p3xy2 − 6μ2y3,
y˙ = 6μ2x3 + p1x2y +
(
p2 − 3
(
1 + μ4))xy2 + p3y3,
with μ > 1; (6)
x˙ = p1x3 + (p2 − α/2)x2y + p3xy2 + αy3,
y˙ = p1x2y + (p2 + α/2)xy2 + p3y3,
with α = ±1; (7)
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y˙ = μx3 + p1x2y + p2xy2 + p3y3,
with μ = 0; (8)
x˙ = p1x3 + (p2 + 3α)x2y + (p3 − 6α)xy2 − 6αy3,
y˙ = p1x2y + (p2 − 3α)xy2 + (p3 + 6α)y3,
with α = ±1; (9)
x˙ = p1x3 + p2x2y + (p3 + 2)xy2 − 4y3,
y˙ = p1x2y + p2xy2 + (p3 − 2)y3; (10)
x˙ = p1x3 + (p2 − 3α)x2y + p3xy2 − 6y3,
y˙ = p1x2y + (p2 + 3α)xy2 + p3y3,
with α = ±1; (11)
x˙ = p1x3 + p2x2y + p3xy2 − αy3,
y˙ = p1x2y + p2xy2 + p3y3,
with α = ±1; (12)
x˙ = p1x3 + (p2 − 3αμ)x2y + p3xy2 − αy3,
y˙ = αx3 + p1x2y + (p2 + 3αμ)xy2 + p3y3,
with α = ±1, μ > −1/3, μ = 1/3; (13)
x˙ = p1x3 + (p2 − α)x2y + p3xy2 − αy3,
y˙ = αx3 + p1x2y + (p2 + α)xy2 + p3y3,
with α = ±1; (14)
x˙ = x(p1x2 + p2xy + p3y2),
y˙ = y(p1x2 + p2xy + p3y2). (15)
The next proposition gives the conditions for which the canonical forms of the cubic ho-
mogeneous system have a polynomial first integral. The notation γ1, γ2, γ3 ∈ Q± means either
γ1, γ2, γ3 ∈ Q+, or γ1, γ2, γ3 ∈ Q−.
Proposition 7. The weight-homogeneous polynomial differential systems with weight exponent
(1,1) and weight degree 3 are integrable.
(a) System (6) has the first integral
H = (−μx + y)γ1(μx + y)γ2(−x + μy)γ3(x + μy)γ4,
where γ1 = −3μ5 + p3μ2 + p1 + (3 + p2)μ, γ2 = −3μ5 − p3μ2 − p1 + (3 + p2)μ, γ3 =
−3μ5 − p3 − μ2p1 + (3 − p2)μ, γ4 = −3μ5 + p3 + μ2p1 + (3 − p2)μ. It is polynomial if
γ1, γ2, γ3, γ4 ∈ Q±.
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H = (x + y)γ1(x − y)γ2yγ3 exp(−4p1x/y),
where γ1 = 2(p1 − p2 + p3) − α, γ2 = −2(p1 + p2 + p3) − α, γ3 = 2(2p2 − α). It is
polynomial if p1 = 0 and γ1, γ2, γ3 ∈ Q±.
(c) System (8) has the first integral
H = (−x + y)γ1(x + y)γ2(x2 + y2)γ3 exp(2(p1 − p3) arctan(y/x)),
where γ1 = −(p1 + p2 + p3 + μ), γ2 = p1 − p2 + p3 − μ, γ3 = p2 − μ. It is polynomial if
p1 = p3 and γ1, γ2, γ3 ∈ Q±.
(d) System (9) has the first integral
H = f γ11 f γ22 exp
(
2p1x/y − 21/2γ3 arctanh
(
x + y
21/2x
))
,
where f1 = x2 − 2xy − y2, f2 = y, γ1 = 2p1 + p2 − 3α, γ2 = −4p1 − 2p2 − 6α, γ3 =
3p1 + p2 + p3 + 3α. It is polynomial if p1 = 0, γ3 = 0 and γ1, γ2 ∈ Q±.
(e) System (10) has the first integral
H = (x − y)γ1yγ2 exp((p1 + p2)x/y + p1x2/(2y2)),
where γ1 = −2 +p1 +p2 +p3, γ2 = −(2 +p1 + p2 +p3). It is polynomial if p1 = p2 = 0
and γ1, γ2 ∈ Q±.
(f) System (11) has the first integral
H = (αx2 + y2)γ1yγ2 exp(−2p1x/y − k1 arctan(y/(α1/2x))),
where k1 = 2(p1 − αp3)/(α1/2), γ1 = −p2 − 3α, γ2 = 2p2 − 6α. It is polynomial if p1 =
p3 = 0 and γ1, γ2 ∈ Q±.
(g) System (12) has the first integral
H = ln(y) + p1x3/
(
3αy3
)+ p2x2/(2αy2)+ p3x/(αy).
It is polynomial if p1 = p2 = p3 = 0.
(h) System (13) has the first integral
H = f γ11 f γ22 exp
(
k1 arctan
(
y/
(
r
1/2
1 x
))+ k2 sign(x) arctan(y/(r1/22 x))),
where f1 = r1x2 + y2, f2 = r2x2 + y2, k = (9μ2 − 1)1/2, r1 = 3μ + k, r2 = 3μ − k,
γ1 = (αk + p2)/2, γ2 = (αk − p2)/2, k1 = (p1 − r1p3)/r1/21 , k2 = (r2p3 − p1)/r1/22 . It
is polynomial if p1 = p3 = 0 and γ1, γ2 ∈ Q±.
(i) System (14) has the first integral
H = (x2 + y2)α exp
(
(p2x + (p3 − p1)y)x
x2 + y2 − (p1 + p3) arctan
y
x
)
.
It is polynomial if p1 = p2 = p3 = 0.
Proof. If yx˙ − xy˙ = 0, then every homogeneous polynomial differential system (x˙, y˙) is inte-
grable because it has the inverse integrating factor V = yx˙ − xy˙; see [1]. So the first integral
is
H(x,y) =
∫
P1(x, y)/V (x, y) dy + f (x),
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ments of the proposition. 
System (15) has x˙ and y˙ not coprime and so it does not appear in the statement of Proposi-
tion 7.
We remark that systems (7), (9), (10), (11), (12) and (14) under the assumptions of Proposi-
tion 7 have polynomial first integrals, but then x˙ and y˙ are not coprime. So we do not consider
them in the rest of this section.
We remark that according with Proposition 5 the polynomial first integrals given in Proposi-
tion 7 are homogeneous.
Now we show that the cubic homogeneous systems having a polynomial first integral satisfy
Theorem 3.
System (6) has four balances c(1) = (c1,μc1), c(2) = (c1,−μc1), c(3) = (c1, c1/μ) and c(4) =
(c1,−c1/μ). Every pair of these balances are independent. The corresponding Kowalevskaya
exponents are (−1, ρ1) = (−1,6μ(1 − μ4)/γ1), (−1, ρ2) = (−1,6μ(1 − μ4)/γ2), (−1, ρ3) =
(−1,6μ(1 − μ4)/γ3), (−1, ρ4) = (−1,6μ(1 − μ4)/γ4). We suppose that γi ∈ Q+. Similar ar-
guments can be made if γi ∈ Q−. Now, we assume, to fix ideas, that the two smallest ρi are
ρ1 and ρ2. Then we consider the two independent balances c(1) and c(2). Therefore we obtain
that 1/ρ1 + 1/ρ2 = 2(γ1 + γ2)/(12μ(1 − μ4)) 1 because 12μ(1 − μ4) = γ1 + γ2 + γ3 + γ4.
We note that 1/ρ1 + 1/ρ2 = 1 if and only if ρi = 1/2 for i = 1,2,3,4 and that in this case
pj = 0 for j = 1,2,3 and then the system has the polynomial first integral (−μx + y)(μx +
y)(−x + μy)(x + μy). Moreover, let γ1 = u1/v1 ∈ Q, γ2 = u2/v2 ∈ Q. Now, as the degree m
of Hv is m = 12μ(1 − μ4)v ∈ N, where v is the least common multiple (lcm) of (v1, v2), then
m/ρ1 = 2γ1v ∈ N and m/ρ2 = 2γ2v ∈ N. So Theorem 3(a) is satisfied.
System (8) has four balances c(1) = (c1, c1), c(2) = (c1,−c1), c(3) = (c1, ic1) and c(4) =
(c1,−ic1). Every pair of these balances are independent. The corresponding Kowalevskaya ex-
ponents are (−1, ρ1) = (−1,−2μ/γ1), (−1, ρ2) = (−1,−2μ/γ2), (−1, ρ3) = (−1,−2μ/γ3)
and (−1, ρ4) = (−1,−2μ/γ3). As before we suppose that γi ∈ Q+. In a similar way it follows
the case γi ∈ Q−. Then, assuming γ1  γ2 and taking as independent balances c(1) and c(3),
we obtain that 1/ρ1 + 1/ρ3 = 2(γ1 + γ3)/(−4μ)  1 as γ1 + γ2 + 2γ3 = −4μ. We note that
1/ρ1 + 1/ρ3 = 1 if and only if γ1 = γ2; or equivalently p3 = 0; but then the system has the poly-
nomial first integral (−x + y)(x + y)(x2 + y2). Moreover, let γ1 = u1/v1 ∈ Q, γ2 = u2/v2 ∈ Q.
Now, as the degree m of Hv is m = −4μv ∈ N, where v = lcm(v1, v2), then m/ρ1 = 2γ1v ∈ N
and m/ρ3 = 2γ3v ∈ N. So Theorem 3(a) is satisfied. If γ2 < γ1, the arguments to show that we
are in Theorem 3(a) follow in a similar way taking the independent balances c(2) and c(3).
System (13) has four balances c(1) = (c1,m1c1), c(2) = (c1,m2c1), c(3) = (c1,−m1c1) and
c(4) = (c1,−m2c1), with m1 = (3μ − (9μ2 − 1)1/2)1/2 and m2 = (3μ + (9μ2 − 1)1/2)1/2.
Every pair of these balances are independent. The corresponding Kowalevskaya exponents
are (−1, ρ1) = (−1, αk/γ1), (−1, ρ2) = (−1, αk/γ2), (−1, ρ3) = (−1, αk/γ1), (−1, ρ4) =
(−1, αk/γ2). We take as independent balance c(1) and c(2). Then we obtain that 1/ρ1 + 1/ρ2 =
(γ1 + γ2)/(αk) = 1. So Theorem 3(a) is satisfied.
An example of Theorem 3(d) is for instance taking in (6) p1 = μ(11μ2 + 1)/2, p2 =
(μ4 − 1)/2, p3 = −μ(μ2 + 11)/2. It is easy to see that up to a constant we obtain γ1 = 3,
γ2 = 2, γ3 = 9, γ4 = −2 which leads to ρ1 = 2, ρ2 = 3, ρ3 = 2/3 and ρ4 = −3, where, as we see
1/ρ1 + 1/ρ2 < 1, even though the first integral is no more a polynomial first integral.
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Proposition 8. The weight-homogeneous polynomial differential systems with weight exponent
(1,2) and weight degree 3 have no polynomial first integrals.
Proof. The weight-homogeneous polynomial differential systems with weight exponent (1,2)
and weight degree 3 are
x˙ = a30x3 + a11xy = P1, y˙ = b40x4 + b21x2y + b02y2 = P2.
We use Proposition 1. If we assume that these systems have a weight-polynomial first integral
with weight degree m, where m is a multiple of 2, the weight exponent s = (1,2) forces the first
integral to be written as H =∑ajxm−2j yj (j = 0,1, . . . ,m/2). Then substituting H into (3)
and equating to zero the coefficients of the monomials we obtain a system of 2 +m/2 equations,
one of which is am/2b02 = 0 with am/2 = 0, otherwise by recursion all aj should be zero and the
first integral would be identically zero. Consequently b02 = 0 which implies that P1 and P2 are
not coprime. Hence the statement follows. 
4. Weight exponent s= (1,3)
Proposition 9. The weight-homogeneous polynomial differential systems with weight exponent
(1,3) and weight degree 3
x˙ = a30x3 + a01y = P1, y˙ = x2
(
b50x
3 + b21y
)= P2
are integrable under the following conditions:
(a) b50 = 0 and 3a30 = b21. Then the system has the first integral
H = b21x3/(a01y) − ln
(
y3
)
.
(b) b50 = 0 and 3a30 = b21. Then the system has the first integral
H = (gx3 + 3a01y)b21y−3a30 ,
with g = 3a30 −b21. The first integral Hv is polynomial if and only if v = lcm(v1, v2), where
b21 = u1/v1,−3a30 = u2/v2 ∈ Q.
(c) b50 = 0 and h < 0 with h = g2 + 12a01b50. Then the system has the first integral
H = 23a30 + b21√−h arctan
(
gx3 + 6a01y√−hx3
)
+ ln(−b50x6 + gx3y + 3a01y2).
In this case there is a polynomial first integral if and only if 3a30 + b21 = 0.
(d) b50 = 0, h = 0. Then the system has the first integral
H = 2b50(3a30 + b21)x
3
2b50x3 − gy − g ln
(
2b50x3 − gy
)
.
Now the system has the polynomial first integral H = 2b50x3 − gy with m = 3 if and only if
3a30 + b21 = 0.
(e) b50 = 0 and h > 0. Then the system has the first integral
H = (2b50x3 − gy − √hy)ρ+(2b50x3 − gy + √hy)ρ− ,
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values are
3
ρ+
= 1 − 3a30 + b21√
h
,
3
ρ−
= 1 + 3a30 + b21√
h
.
The first integral Hv is polynomial if and only if v = lcm(v1, v2), where ρ+ = u1/v1 ∈ Q
and ρ− = u2/v2 ∈ Q.
Proof. The first integrals for the quadratic homogeneous systems are computed as in the proof
of Proposition 7. 
We now check that Theorem 3 holds for the weight-homogeneous polynomial differential
systems with weight exponent (1,3) and weight degree 3. If a01 = 0 or a01b50 −a30b21 = 0, then
P1 and P2 are not coprime. So in the following we assume that a01 = 0 and a01b50 − a30b21 = 0.
The balance c = (c1, c2) satisfies
c2 = − 12a01 c1 −
a30
a01
c31, 4
(
b50 − a30b21
a01
)
c41 − 2
3a30 + b21
a01
c21 −
3
a01
= 0
and the Kowalevskaya exponents are (−1, ρ±) with ρ± = (3a30 + b21)c2±1 + 3, where
c2±1 =
3a30 + b21 ±
√
h
2(a01b50 − a30b21) .
In total five cases are possible:
(a) b50 = 0 and 3a30 = b21. The system has the two balances (c1,0) with c21 = −1/(2a30). As
the Kowalevskaya exponents are (−1,0), Theorem 3(c) holds.
(b) b50 = 0 and 3a30 = b21. The balances are (c1,0) with c21 = −1/(2a30) and (c1, c2) with
c21 = −3/(2b21). The corresponding Kowalevskaya exponents are (−1, ρ1) = (−1, g/(2a30))
and (−1, ρ2) = (−1, −3g/(2b21)), i.e. 1/ρ1 + 1/ρ2 = 2/3. Moreover, the first integral Hv is
polynomial if and only if v = lcm(v1, v2), where b21 = u1/v1,−3a30 = u2/v2 ∈ Q. Since the
weight-homogeneous degree m of Hv is −3gv ∈ N, we have that m/ρ1 = −6a30v, m/ρ2 =
2b21v ∈ N. So in this case Theorem 3(a) follows.
(c) b50 = 0 and h < 0. Now, if 3a30 +b21 = 0, then ρ± = 3 and Theorem 3(b) is satisfied with
the polynomial first integral H = b50x6 − gx3y − 3a01y2 of weight degree 6. If 3a30 + b21 = 0,
then ρ± are not real and Theorem 3(a) is satisfied.
(d) b50 = 0 and h = 0. Then b21 − 3a30 = 0 and there is a unique independent balance. Now
the system has the polynomial first integral H = 2b50x3 − gy with m = 3 if and only if 3a30 +
b21 = 0. Under this assumption ρ = 3 and Theorem 3(b) follows.
(e) b50 = 0 and h > 0. The Kowalevskaya exponents ρ± satisfy 1/ρ+ + 1/ρ− = 2/3. Since
the weight-homogeneous degree m of Hv is 6v, we have that m/ρ+ ∈ N and m/ρ− ∈ N. So in
this case Theorem 3(a) is satisfied. 
5. Weight exponent s= (2,2)
We consider now the weight-homogeneous polynomial system with weight exponent s =
(2,2) and weight degree 3. We have seen that these systems coincide with the quadratic homoge-
neous systems. The quadratic homogeneous systems can be studied from the work of Tsygvintsev
[11] and Llibre and Zhang [8], but we provide here a new and easier proof.
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systems have a polynomial first integral H weight-homogeneous, are calculated using normal
forms given in the next theorem, proved in [3].
Theorem 10. For each quadratic homogeneous system there exists some linear transformation
and a rescaling of time which transforms the system in one and only one of the following canon-
ical forms:
x˙ = −2xy + 2
3
x(p1x + p2y), y˙ = −x2 + y2 + 23y(p1x + p2y), (16)
x˙ = −2xy + 2
3
x(p1x + p2y), y˙ = x2 + y2 + 23y(p1x + p2y), (17)
x˙ = −x2 + 2
3
x(p1x + p2y), y˙ = 2xy + 23y(p1x + p2y), (18)
x˙ = 2
3
x(p1x + p2y), y˙ = x2 + 23y(p1x + p2y), (19)
x˙ = 2
3
x(p1x + p2y), y˙ = 23y(p1x + p2y). (20)
The next proposition gives the conditions for which the canonical forms of the quadratic
homogeneous systems have a polynomial first integral.
Proposition 11. The weight-homogeneous polynomial systems with weight exponent (2,2) and
weight degree 3 are integrable.
(a) System (16) has the first integral
H = xγ1f γ22 exp
(−2√3p1 arctanh(x/(√3y)))
with f2 = 3y2 − x2, γ1 = −3 − 2p2, γ2 = −3 + p2 and p2 ∈ Q. If p1 = 0, −3/2 p2 < 3,
then system (16) has a polynomial first integral.
(b) System (17) has the first integral
H = xγ1f γ22 exp
(−2√3p1 arctan(x/(√3y)))
with f2 = 3y2 + x2, γ1 = −3 − 2p2, γ2 = −3 + p2 and p2 ∈ Q. If p1 = 0, −3/2 p2 < 3,
then system (17) has a polynomial first integral.
(c) System (18) has the first integral
H = xγ1yγ2 exp(2p2y/x)
with γ1 = −2(3 + p1), γ2 = −3 + 2p1 and p1 ∈ Q. If p2 = 0, −3 p1  3/2, then system
(18) has a polynomial first integral.
(d) System (19) has the first integral
H = x exp(−y(2p1x + p2y)/(3x2))
and, if p1 = p2 = 0, then system (19) has a polynomial first integral.
Proof. The first integrals for the quadratic homogeneous systems are computed as in the proof of
Proposition 7. The conditions for the existence of a polynomial first integral are deduced easily.
L. Cairó, J. Llibre / J. Math. Anal. Appl. 331 (2007) 1284–1298 1295More specifically systems (16) and (17) have a polynomial first integral because p2 ∈ Q and
consequently γ1, γ2 ∈ Q−. The results stated for systems (18) and (19) follow in a similar way
as for systems (16) and (17). For system (20) P1 and P2 are not coprime. 
Now we check Theorem 3 for the quadratic homogeneous systems having a polynomial first
integral. We note first that system (18) and (19) which have a polynomial first integral are not
coprime. Therefore we do not consider them in what follows. For the system (16) it is necessary
for the existence of a polynomial first integral that p1 = 0. Under this condition the system has
the two balances c(1) = (c1, c2) and c(2) = (−c1, c2) with c1 = −3
√
3/(2γ2) and c2 = −3/(2γ2).
The corresponding Kowalevskaya exponents are ρ1 = ρ2 = ρ with ρ = −9/γ2. Now 2/ρ  1 if
and only if p2  −3/2. Let γ1 = u1/v1 ∈ Q and γ2 = u2/v2 ∈ Q. The degree m of H 3v is
m = 18v ∈ N, where v = lcm(v1, v2). Then m/ρ = 2γ2v ∈ N. So Theorem 3(a) is satisfied.
An identical result is obtained for system (17), where the balances are c(1) = (c1, c2)
and c(2) = (−c1, c2) with c1 = −3
√
3i/(2γ2) and c2 = −3/(2γ2) and the corresponding
Kowalevskaya exponents and the degree of the polynomial first integral coincide with those of
system (16).
6. Weight exponent s= (2,4)
Proposition 12. The planar weight-homogeneous polynomial differential systems (1) of weight
degree 3 and with weight exponent (2,4)
x˙ = a20x2 + a01y = P1, y˙ = x
(
b30x
2 + b11y
)= P2
with a01 = 0 and a01b30 − a20b11 = 0 are integrable under one of the following conditions:
(a) b30 = 0 and g = 2a20 − b11 = 0. Then the system has the first integral
H = a−101 b11x2y−1 − ln
(−2a01y2).
Here b11 = 0 otherwise P1 and P2 are not coprime.
(b) b30 = 0 and g = 0. Then the system has the first integral
H = (gx2 + 2a01y)b11y−2a20 .
Moreover, the first integral Hv is polynomial if and only if v = lcm(v1, v2), where b11 =
u1/v1 ∈ Q and −2a20 = u2/v2 ∈ Q.
(c) b30 = 0 and h = g2 + 8a01b30 < 0. Then the system has the first integral
H = 22a20 + b11√−h arctan
(
2b30x2 − gy√−hy
)
+ ln(b30x4 − gx2y − 2a01y2).
If 2a20 + b11 = 0, then there is a polynomial first integral.
(d) b30 = 0 and h = 0. Then the system has the first integral
H = 2b30(2a20 + b11)x
2
2b30x2 − gy − g ln
(−2b30x2 + gy).
(e) b30 = 0 and h > 0. Then the system has the first integral
H = (2b30x2 − gy − √hy)ρ+(2b30x2 − gy + √hy)ρ− ,
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4
ρ+
= 1 − 2a20 + b11√
h
,
4
ρ−
= 1 + 2a20 + b11√
h
.
The first integral Hv is polynomial if and only if v = lcm(v1, v2), where ρ+ = u1/v1 ∈ Q
and ρ− = u2/v2 ∈ Q.
Proof. The first integrals are computed as in the proof of Proposition 7. In fact these systems are
also planar weight-homogeneous polynomial differential systems of weight degree 2 with weight
exponent (1,2). From this point of view they were studied in [8]. For completeness we include
them here. 
We check now Theorem 3 for the class of systems studied in this section. First we note that,
if a01 = 0 or a01b30 − a20b11 = 0, then P1 and P2 are not coprime.
The system has two independent balances (c1, c2) satisfying
c2 = − 1
a01
c1 − a20
a01
c21,
(
b30 − a20b11
a01
)
c21 −
2a20 + b11
a01
c1 − 2
a01
= 0
and the Kowalevskaya exponents are (−1, ρ±) with ρ± = (2a20 + b11)c±1 + 4, where
c±1 =
2a20 + b11 ±
√
h
2(a01b30 − a20b11) .
(a) The system has the unique balance (−a−120 ,0), as the Kowalevskaya exponents are (−1,0).
Theorem 3(c) holds.
(b) The system has two independent balances c(1) = (−a−120 ,0) and c(2) = (−2b−111 ,
−2ga−101 b−211 ). The corresponding Kowalevskaya exponents are (−1, ga−120 ) and (−1,−2gb−111 ),
i.e. 1/ρ1 + 1/ρ2 = 1/2. Moreover, the first integral Hv is polynomial if and only if v =
lcm(v1, v2), where b11 = u1/v1 ∈ Q and −2a20 = u2/v2 ∈ Q. Since the weight-homogeneous
degree m of Hv is 4(b11 − 2a20)v ∈ N, we have that m/ρ1 = −4a20v, m/ρ2 = 2b11v ∈ N. So in
this case Theorem 3(a) follows.
(c) Now, if 2a20 + b11 = 0, then ρ± = 4 and Theorem 3(a) is satisfied with the polynomial
first integral H = b30x4 − gx2y − 2a01y2 of weight degree 4. If 2a20 + b11 = 0, then ρ± are not
real and Theorem 3(a) is satisfied.
(d) There is a unique independent balance. Now the system has the polynomial first integral
H = 2b30x2 − gy with m = 4 if and only if 2a20 + b11 = 0. Under this assumption ρ = 4 and
Theorem 3(b) follows.
(e) The Kowalevskaya exponents ρ± associated with the two balances satisfy 1/ρ+ +1/ρ− =
1/2. Moreover, the first integral Hv is polynomial if and only if v = lcm(v1, v2), where 4/ρ+ =
u1/v1 ∈ Q and 4/ρ− = u2/v2 ∈ Q. Since the weight-homogeneous degree m of Hv is 8v, we
have that m/ρ+ ∈ N and m/ρ− ∈ N. So in this case Theorem 3(a) is satisfied.
7. Weight exponent s= (4,6)
Proposition 13. The weight-homogeneous polynomial systems with weight exponent (4,6) and
weight degree 3 are Hamiltonian with the weight-homogeneous polynomial first integral H =
1b20x3 − 1a01y2.3 2
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Now we show that these systems satisfy Theorem 3. For that we note that there exist a unique
independent balance, namely c = (6/(a01b20),−12/(a201b20)) with the Kowalevskaya exponents
(−1, ρ) with ρ = 6. As 1/ρ = 1/6 1 and the degree of the polynomial first integral is m = 12,
then m/ρ = 2. So in this case Theorem 3(b) follows.
In the next sections we characterize the homogeneous polynomial systems with weight degree
4 having a polynomial first integral and give a counterexample to Theorem 3.
8. Proof of Theorem 4
For d = 4 we can write the homogeneous polynomials as follows:
P1(x, y) = A1x4 + A2x3y + A3x2y2 + A4xy3 − a5y4,
P2(x, y) = a0x4 + B1x3y + B2x2y2 + B3xy3 + B4y4 (21)
with A1 = p1 − a1, A2 = p2 − 4a2, A3 = p3 − 6a3, A4 = p4 − 4a4, B1 = 4a1 + p1, B2 =
6a2 + p2, B3 = 4a3 + p3 and B4 = a4 + p4. The system (x˙, y˙) = (P1,P2) is integrable because
it has the inverse integrating factor
V (x, y) = yx˙ − xy˙ = a0x5 + 5a1x4y + 10a2x3y2 + 10a3x2y3 + 5a4xy4 + a5y5;
see [1]. So the first integral is H(x,y) = ∫ (P1(x, y)/V (x, y)) dy + f (x), satisfying ∂H/∂x =
−P2/V . Assume that V (x, y) factorizes as
V (x, y) = a0(x − r1y)(x − r2y)(x − r3y)(x − r4y)(x − r5y)
with the ri real and different. Then the system satisfies
a1 = −a0(r1 + r2 + r3 + r4 + r5)/5,
a2 = a0(r1r2 + r3r1 + r3r2 + r4r1 + r4r2 + r4r3 + r5r1 + r5r2 + r5r3 + r5r4)/10,
a3 = a0(r1r2r3 + r4r1r2 + r4r3r1 + r4r3r2 + r5r1r2 + r5r3r1 + r5r3r2
+ r5r4r1 + r5r4r2 + r5r4r3)/10,
a4 = a0(r1r2r3r4 + r5r1r2r3 + r5r4r1r2 + r5r4r3r1 + r5r4r3r2)/5,
a5 = −a0r1r2r3r4r5.
A first integral of the system is H = (x − r1y)γ1(x + r2y)γ2(x − r3y)γ3(x − r4y)γ4(x − r5y)γ5
with convenient values of the γi . The five balances are c(i) = (ric(i)2 , c(i)2 ) (i = 1, . . . ,5), with
c
(i)
2 = −(a0
∏
i =j (rj − ri) + 5(p1r3i + p2r2i + p3ri + p4))/3. Every pair of these balances are
independent. The corresponding Kowalevskaya exponents are (−1, ρi) = (−1, (γ1 + γ2 + γ3 +
γ4 + γ5)/(3γi)) (i = 1, . . . ,5).
Now from the next result Theorem 4 follows.
Proposition 14. Consider p1 = p2 = p3 = p4 = 0 in system (x˙, y˙) = (P1,P2) with P1 and
P2 given by (21). Then this system has a polynomial first integral and it does not satisfy the
statements of Theorem 3.
Proof. If p1 = p2 = p3 = p4 = 0, then all the γi are equal to γ = −a0(r1 − r2)(r1 − r3)(r1 −
r4)(r1 − r5)(r2 − r3)(r2 − r4)(r2 − r5)(r3 − r4)(r3 − r5)(r4 − r5) and consequently all the ρi
1298 L. Cairó, J. Llibre / J. Math. Anal. Appl. 331 (2007) 1284–1298are equal to 5/3. Then, considering the two independent balances c(1) and c(2), we obtain that
1/ρ1 + 1/ρ2 = 6/5 > 1. 
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